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TO MY PARENTS ON THEIR 50TH ANNIVERSARY 
The object of this paper is to present two surprisingly general identities involving 
the generating functions of the number of inversions between multisets (of not 
necessarily uniform multiplicities). The first identity is a generalization of the Chu- 
Vandermonde identity, and the second a well-known identity of Euler. Our proofs 
are based on a one-to-one correspondence between multisubsets and certain per- 
missible paths in a digraph with monomial weights. 0 1986 Academic Press, Inc. 
1. INVERSIONS BETWEEN MULTISETS 
Let 
denote the multiset on { 1, 2,..., n} in which the multiplicity of i is mi. The 
number of elements in M, is ml + . . + m, and is denoted IM,,l. 
A multisubset A, = (a, ,..., a,) of A4, (denoted A,<M,) is one that 
satisfies the conditions ai < mj (i = l,..., n), and it uniquely determines a 
complement A, = (5, ,..., ~3,) satisfying ai + tii = m,(i = l,..., n). 
An inversion between the multisets A, = (a, ,..., a,) and B, = (6, ,..., b,), in 
that order, is a pair (i, j), where i is an element of A, and j is an element of 
B, and i> j. The number of inversions between A, and B, is denoted 
Z(A,, B,). If A, is a multisubset of M, we let Z(A,) = (A,, A,) and 
Ml2 [ 1 r = c qICAn’. IAnI = r 
1.1. THEOREM [S]. 
Z(A,, B,)=azbl +a,(b,+b,)+ ... +a,(b,+ ... +b,_,). 
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Proof. Obvious. 
1.2. COROLLARY [ST 
Q.E.D. 
I(A,)=a,ii, +aJq +a,)+ ... +a,@, + .*. +a"-,), 
Mn [ 1 =h n2a1+ -.' +a.(&+ ".+E.-,). r IAnI = r
where A,, < M,. 
Let A,, be a multisubset of M, as before. Denote by MA the multiset 
(4 ,..., m:), where m:=m,_i,, and A;= (a; ,..., a;), where a; =cinei+,. 
Then AA d A4: and (A’,( = IM,,1 - JA,I. 
1.3. THEOREM. I( A,) = Z( A;). 
Proof: 
Z(A~)=a,_,(u,)+a,_,(u,+u,_,)+ ... +ti,(u,+ ... +a,) 
=u,a,+u,(ii,+a,)+ ... +u,(ti,+ ... +a,-,) 
= Z(A,). Q.E.D. 
2. GRAPHICAL REPRESENTATION 
Fix a multiset M, = (m,,..., m,). For each k (ldkdn), let Mk= 
(m 1 ,..., mk) and lM,J =m, + ... +m,, (I&f01 =O). 
Now consider the directed graph with vertices the lattice points (i,j) in 
the first quadrant of the xy plane satisfying i +j < IM,I and directed edges 
(i,j)+(i+l,j), (i,j)+(i,j+l). For a point (i,j) satisfying i+j= IM,-,I 
forsomek(l<k<n),wecallthepath(i,j)+(i+l,j)+ ... -(i+u,j)+ 
(i+u, j+ l)-+ ... +(i+u, j+b), where u+b=mk, an atomicpath undwe 
denote it by (i, j) -++ (i + a, j + b). We call a sequence of consecutive atomic 
paths a permissible path. To every multisubset A, = (a,,..., a,) of 44, with 
IA,1 = r, IA,1 = s, (r + s = IM,I), there corresponds a unique permissible 
path from the origin (0,O) to the lattice point (r, s): 
(0,O) -++ (al, 51) -++ (a1 + a,, ii, + ii*) + ... 
-+ (a,+ ... +~,,a,+ ... +u,)=(r,s), 
and conversely. Now assign to the directed edge (i, j) + (i + 1, j) the 
monomial qj, and the directed edge (i, j) + (i, j + 1) the trivial monomial 1. 
It is clear that for A,, < M,, the product of all the monomials along the uni- 
que permissible path from (0,O) to (r, S) corresponding to A, is 
4 
o261+o~(a,+rl~)+ ... +a.(~?,+ “. +c?.-l)- ](A,) 
-4 . 
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Hence, 
2.1. THEOREM. The sum of products of monomials qj’s along all per- 
missible paths from (0,O) to (r, s) (r +s= IM,I) is 
Note that Z(A,) is also equal to the area under the permissible path from 
(0,O) to (r, s) corresponding to A, (see [4]). 
3. GENERALIZED CHU-VANDERMONDE IDENTITY 
Let 
where r+s=IM,J. For k, ldk<n, let M,=(m,,...,m,) and iVnPk= 
Cm k + 1 ,..., mJ (No = 4). 
3.1. THEOREM (Generalized Chu-Vandermonde Identity). For any k, 
Odk<lZ, 
[r, sl”t?= C [j,jl”k qcj[j’,f]“n-k 
i=O 
where i+j=lMkll i+i’=r,j+j’=s. 
ProoJ When k = 0 or n, the identity holds trivially. Suppose 0 <k < n. 
Then the line i +j= [Mkl completely separates the source (0,O) from the 
sink (r, s). By Theorem 2.1, [r, s]“” is the sum of products of monomials 
4% along all permissible paths from (0,O) to (r, s). Each of these per- 
missible paths must cross the line i +j = lMkl exactly once. If we focus on 
the point (i, j), we see that all permissible paths passing through (i, j) can 
be separated into two segments: the segment from (0,O) to (i,j) and the 
one from (i, j) to (r, s). The sum of products of qp’s along the permissible 
paths from (0,O) to (i, j) is clearly equal to [i, j] Mk. The sum of products of 
qp’s along the permissible paths from (i,j) to (r, s) is q”j[i’,j’]Nn-“. The 
extra factor q0 is in this last part because the monomial assigned to each 
directed edge in this segment (from (i,j) to (r, s) has an extra factor qj, as 
compared to the one assigned to the corresponding directed edge in a per- 
missible path from (0,O) to (i’, j’), and there are i’ of such directed edges in 
each segment. Hence the identity. Q.E.D. 
GENERALIZED IDENTITIES 
4. GENERATING FUNCTION 
If in the graphical representation of the last 
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section we assign the 
(instead of just q’) and monomial qjt to/the directed edge (i, j) -+ (i + l,i) 
the trivial monomial 1 to (i,j) + (i, j + l), then the sum of products of 
monomials qpt’s along all permissible paths from (0, 0) to (r, S) 
(r + s = 1 M,l ) obviously becomes 
1 q Wdf = 
IAnl=r [ 1 
7 t’= [r, sl”n t’. 
Hence, the sum of products of monomials qPt’s along all permissible paths 
from the origin to all the vertices on the line r + s = \M,I is 
lM”l M 
4I 1 n t'.r=O r 
This is the generating function of [?I, and we let G,“(t) denote this 
generating function. 
4.1. THEOREM. Keeping the notation of Section 1, we have 
G&t) = fiMn’GMM; ; . 
0 
Proof: This follows immediately from Theorem 1.3. Q.E.D. 
4.2. COROLLARY. If M,=M:,, i.e., when m,=nb..,,,, f or 
i = 1, 2,...: [n/2], then 
G&t) = dMn’GMn f . 
0 
5. GENERALIZED EULER IDENTITY 
In order to find an explicit expression for something that is closely 
related to the generating function G,+,(t), we multiply an additional factor 
of qi to each monomial q’t assigned (in the last section) to the directed 
edges between the lines x = i and x = i + 1. The sum of products of the new 
monomials along all permissible paths from the origin to all the vertices on 
the line r + s = jM,l now becomes 
IMnl M 
CL I r=O r n 4 
IMnl M 
0+1+. ‘+(r-l)f= 1 
[ 1 r=O r 
n ,G)f. 
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On the other hand, the sum of products of monomials along each atomic 
path emanating from each point (g, h) satisfying g + h = /MJ is uniformly 
equal to 
y’ 4AMll + (jZ)t/ 
j=O 
Since a permissible path from (0,O) to (r, s) is a sequence of consecutive 
atomic paths, we have 
5.1. THEOREM (Generalized Euler Identity). 
6. SPECIAL CASES 
All known special cases of Theorem 3.1 and Theorem 5.1 involve mul- 
tisets with uniform multiplicities. A multiset with uniform multiplicities is 
one in which m, = m2 = . . = m, = m, i.e., M, = (m ,..., m). We denote this 
by (n-m), and write [T] = [“;*I and [r,slMn= [r,s]‘“‘“‘, where 
r+s=nm. 
If we let M, = (n.m) in Theorem 3.1 we obtain (from [S]) Eq. (6.1): Let 
k be an integer satisfying 0 Q k < n. Let r + s = nm. Then, 
[r, s](~-~)= E qi’i[i,j](k.m)[jr,jr]((n-k)-m), (6.1) 
i=O 
where i+j=km, i+i’=r, j+j’=s. 
If we take k=n- 1 in Eq. (6.1) and noting that [i’,j’]“‘“‘= 1, we get 
(from [S] ) the following recurrence relation for [ “;“‘I: 
(6.2) 
If we set m = 1 in Eq. (6.1) and noting that [r, s] V’ ‘) = [ y], we obtain 
the familiar identity [l, (3.3.10), p. 371 
(6.3) 
Now, if in Theorem 5.1 we specialize M, to (n . m), we obtain (from [6]) 
ifI1 (2 qjm(i-l)+(j2)ti = 
j=O 
) ,!fo [” 1”] &)f. (6.4) 
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If we set m = 1 in Eq. (6.4), we get the well-known identity of Euler [3, 
p. 2541 
(1 +t)(l +qt)... (1 +q(n-l)t)= f [I n q(%. r=O r 
For our last set of identities, we let (‘irn) = (r, s)(~‘~) denote the number 
obtained when [“;“I is evaluated at q = 1. From our graphical represen- 
tation of [“;“‘I, we see that (“;“) is the number of permissible paths from 
the origin (0,O) to the point (r, s). Now setting q = 1 in the identities 
(6.1)-(6.5), we obtain, in succession, Eqs. (6.6)-(6.10): 
Keeping the notation of Eqs. (6.1), we have (from [S] ) 
(r, S)(n.m), F (i,j)‘k.m)(i,,j,)((n-k)-m), 
t=o 
where ifj=km, i+i’=r, j+f=s. 
From [2, p. 781 we have 
Note that our (” ;“) is Comtet’s (‘I, (;+ I)). 
Chu- Vandermonde identity: 
From [2, p. 771: 
Binomial theorem: 
(1 +I)“= 2 (;) t’. 
r=O 
(6.6) 
(6.7) 
(6.8) 
(6.9) 
(6.10) 
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